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Abstract: We discuss N = 2→ N = 1 reduction in four dimensional conformal supergrav-
ity. In particular, we keep the off-shell structure of supermultiplets (except hypermultiplets).
As we will show, starting with (almost) off-shell conformal supergravity makes the procedure
simpler than that from N = 2 Poincaré supergravity, which makes it easier to show the
correspondence to the standard N = 1 conformal supergravity. We find that the N = 1
superconformal symmetry is simply realized by truncating the gravitino multiplet. We
also discuss the consistency with the original N = 2 system and show the reduced N = 1
conformal supergravity action.
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1 Introduction
N = 2 supergravity appears as the effective field theory of superstrings compactified on a
particular manifold, such as Calabi-Yau manifold. Such string compactification models can
realize stable vacua thanks to supersymmetry. Realistic models in string theory may be
constructed on such stable vacua. N = 2 supersymmetry somehow needs to be broken at
least to N = 1 in realistic models having a chiral gauge symmetry as the standard model.
In the context of string theory, it is achieved e.g. by introducing fluxes into compactified
spaces, and realistic string models based on flux compactification have been intensively
studied (see [1–3] for review).
Partial breaking of supersymmetry N = 2 → N = 1 may enable us to build more
realistic models with chiral spectra, while keeping stability of vacua ensured by the N = 1
supersymmetry. Spontaneous breaking from N = 2 to N = 1 had been thought to be
impossible because of the no-go theorem for global [4] and local supersymmetry [5, 6], but
several ways to circumvent the theorem were proposed in [7–10] for global supersymmetry and
in [11–13] for supergravity. Partial breaking models with non-Abelian gauge symmetry are
discussed in [14–18]. In [19], it is shown that the spontaneous partial breaking condition in
supergravity is systematically understood by using the embedding tensor formalism [20, 21].
Corresponding low energy N = 1 action is discussed in [22]. In [23], an N = 2 supergravity
model interpolating partial breaking to full breaking is proposed.
Once N = 2 supergravity is somehow broken to N = 1, well below the energy scale of
the breaking, we expect that the theory would be described in terms of N = 1 supergravity.
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Such N = 1 effective theories would be derived by truncating the gravitino multiplet of the
second supersymmetry. The consistent N = 2→ N = 1 truncation was discussed in [24–26].
In this paper, we perform the consistent reduction of N = 2 conformal supergravity [27,
28] to N = 1 conformal supergravity [29–31]. Particularly, we keep the off-shell structure
of the N = 2 conformal supergravity except the hypermultiplet sector, which is originally
an on-shell multiplet. In [24–26], the reduction was discussed by using on-shell Poincaré
supergravity. It has been known that both N = 1 and N = 2 Poincaré supergravity can
be viewed as conformal supergravity with particular gauge conditions. The presence of the
extra gauge degrees of freedom is practically useful. Furthermore, we will keep the off-shell
structure of the multiplets in N = 2 conformal supergravity (except hypermultiplets, which
are generally on-shell), and the off-shell formulation simplifies discussion significantly as one
usually expects. We will explicitly show how the N = 2 supermultiplets are decomposed into
N = 1 representations. As we will see, the truncation condition is simply understood as the
absence of the “N = 1 gravitino multiplet”. We will show that, under the condition, the rest
of the Weyl multiplet components, gauge and hypermultiplets, are precisely decomposed into
the standard N = 1 supermultiplets. The consistency with the “parent” N = 2 theory leads
to further conditions on matter multiplets, which reduces the number of N = 1 multiplets
as observed in [24–26].
The remaining part of this paper is organized as follows. In Sec. 2, we discuss the
N = 1 superconformal subgroup of the full N = 2 group, and find how the gauge fields of
N = 2 superconformal symmetry form N = 1 multiplets. In Sec. 3, we impose the consistent
truncation condition and discuss the decomposition of the rest of the fields into N = 1
supermultiplets. We will see the complete agreement with the standard N = 1 conformal
supergravity. We rewrite the N = 2 conformal action in terms of N = 1 representations in
Sec. 4. We also discuss the consistency for the truncation condition derived in Sec. 2 and find
that half of the matter representations are required to be truncated. Finally, we conclude in
Sec. 5. We show the N = 2 and N = 1 superconformal algebra and the transformation laws
of representations in Appendix A and B, respectively.
Throughout this paper, we will use the notation of [32].
2 N = 1 subgroup of N = 2 superconformal group
We discuss the N = 1 superconformal subgroup of the full N = 2 superconfromal group.
The commutation relations and transformation laws of relevant multiplets in N = 2 and
N = 1 superconformal algebra are shown in Appendix A and B, respectively.
We define the N = 1 superconformal subgroup of N = 2 superconformal group as
follows. The subgroup consists of {Q1, Q1, S1, S1, Pa,Mab,Ka, D, T, U11}. Since U11 is
anti-Hermitian, we may parametrize U11 = iT ′ with a Herimitian generator T ′. The {Q,S}
commutator is given by (see (A.1))
{Q1α, S1β} = −
1
2
δβαD −
1
4
(γab)βαMab +
i
2
δβαT − iδβαT ′. (2.1)
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The linear combination T − 2T ′ ≡ A becomes the chiral U(1) symmetry in the N = 1
superconformal subgroup. Actually, since [T ′, Q1α] = − i2Q1α, we find [A,Q1α] = 3i2 Q1α, which
reproduces the commutator [A,Q] in the standard N = 1 superconformal algebra (B.1).
One can also check that [A,S] commutator is correctly realized. We also define another U(1)
symmetry, T + T ′ = B, which commutes with all generators in the N = 1 superconformal
group. The other commutation relations are intact. Thus, we find N = 1 subgroup in N = 2
superconformal algebra with an additional internal U(1)B symmetry.
Next, let us see the transformation laws under the subgroup, particularly Q and S
transformations:
δQ1e
a
µ =
1
2
¯1γaψµ1 +
1
2
¯1γ
aψ1µ, (2.2)
δQ1ψ
1
µ =
(
∂µ +
1
2
bµ +
1
4
γabωµab − 3i
2
Aˆµγ
∗
)
1 − γµη1, (2.3)
δQ1bµ =
1
2
¯1φµ1 − 1
2
η¯1ψµ1 − 3
8
¯1γµχ1 + h.c., (2.4)
where 1 and η1 are the spinorial transformation parameters for Q1 and S1, respectively.
Here Aˆµ = 13(Aµ+ 2iVµ
1
1), which would be the gauge field for U(1)A of the N = 1 subgroup.
The transformation law of Aˆµ is
δQ1Aˆµ = −
i
2
¯1φµ1 +
i
8
¯1γµχ1 − i
2
η¯1ψµ1 + h.c.. (2.5)
It is important to stress that the N = 2 Weyl multiplet has extra “matter” components T−ab,
χi, D in addition to gauge fields, which are necessary to close the algebra off-shell. However,
in N = 1 conformal supergravity, such extra fields are absent. One needs to remove the
term with χ1 in order to reproduce the correct N = 1 superconformal transformation. It is
achieved by redefining φ1µ as
φˆµ1 = φµ1 − 1
4
γµχ1. (2.6)
Then, the transformation law becomes
δQ1Aˆµ = −
i
2
¯1φˆµ1 − i
2
η¯1ψµ1 + h.c., (2.7)
which is the correct transformation law of Aˆµ if we identify 1 = PL, η1 = PRη and
φˆµ1 = PLφµ, where  and η are N = 1 Q- and S-transformation parameter, respectively,
and φµ is S-gauge field in N = 1 conformal supergravity. One also needs to deform the
transformation of bµ as follows. The transformation law of bµ is now
δQ1bµ =
1
2
¯1φˆµ1 − 1
2
η¯1ψµ1 − 1
4
¯1γµχ1 + h.c. (2.8)
To eliminate the term with χ1, we use  dependent K-transformation, λKµ = 18 ¯
1γµχ1 + h.c..
Note that this modification does not affect transformation laws of other gauge fields since
only bµ transforms as δKbµ = 2λKµ under K and other independent fields are inert under K.
Thus, the N = 1 transformation is realized as δˆQ = δQ1(1) + δK(
1
8 ¯
1γµχ1), and δˆS = δS(η1).
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The transformation law of Bµ = 12(Aµ + iVµ1
1) is simply given by
δˆBµ = −3i
8
¯1γµχ1 + h.c.. (2.9)
We also note that the transformation law of χ1 and of D are
δˆχ1 =
1
2
D1 +
i
6
γab(iRˆab(U1
1) + Rˆab(T ))
1, (2.10)
and
δˆD =
1
2
¯1 /Dχ1 + h.c.. (2.11)
One finds that the curvature combination iRˆab(U11) + Rˆab(T ) depends only on Bµ (and
its covariatization terms), and therefore, (Bµ, χ1, D) form a vector multiplet in N = 1
subgroup.
The rest of components in the N = 2 Weyl multiplet transforms as
δˆψ2µ =Vµ
2
1
1 +
1
16
γabT−abγµ1, (2.12)
δˆVµ1
2 =− ¯1φ2µ +
3
4
¯1γµχ
2 − η¯1ψ2µ, (2.13)
δˆT−ab =2¯
1Rˆab(Q
2), (2.14)
δˆχ2 =
1
6
γab
[
1
4
/DT−ab1 − Rˆab(U12)1 −
1
2
T−abη1
]
. (2.15)
The gauge field φ2µ is a composite field given by
φ2µ = −
1
2
γνR′µν(Q
2) +
1
12
γµγ
abR′ab(Q
2) +
1
4
γµχ
2, (2.16)
where
R′µν(Q
2) = 2
(
∂[µ +
1
2
b[µ +
1
4
γabω[µab +
i
2
Aˆ[µ −
4i
3
B[µ
)
ψ2ν] + 2V[µ
2
1ψ
1
ν]. (2.17)
Except the covariantization terms, (ψ2µ, Vµ12, T
−
ab, χ
2) transform to each other under the
N = 1 subgroup, and they seem to form an N = 1 gravitino multiplet.
In summary of this section, we have identified N = 1 superconformal subgroup of N = 2
superconformal group, and we find that the N = 2 Weyl multiplet can be decomposed
into N = 1 Weyl, gauge (vector), and spin-3/2 gravitino multiplet. Note that, however,
these multiplets cannot be the standard N = 1 superconformal multiplets because of the
following reason: The “Weyl multiplet” in the N = 1 subgroup is gauged under the second
supersymmetry, whereas the standard N = 1 Weyl multiplet is singlet under any symmetries
but N = 1 superconformal symmetry. Therefore, even though the subgroup structure looks
similar to the standard N = 1 conformal supergravity, the system is different and cannot be
expressed in terms of the standard N = 1 conformal supergravity. However, as we will see
in the next section, the N = 1 subgroup becomes the standard one once we truncate the
second supersymmetry and its gauge field ψ2µ in a simple but consistent way.
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3 Reduction to N = 1 conformal supergravity
In the previous section, we have discussed the structure of N = 1 superconformal subalgebra.
Here, we will consider the truncation to the standard N = 1 superconformal system by
eliminating gauge fields of extra symmetries, such as the second supersymmetry, and its
superpartners under the subalgebra.
As we have shown in the previous section, there is a gravitino multiplet formed by
(ψ2µ, Vµ1
2, T−ab, χ
2) in N = 1 subgroup. If we set
ψ2µ = 2 = 0, (3.1)
the consistency of the remaining N = 1 superconformal transformation requires all other
superpartners to vanish, namely,
Vµ1
2 = T−ab = χ
2 = 0. (3.2)
No further condition is required from the consistency with the remaining N = 1 super-
conformal symmetry. These conditions also lead to φ2µ = 0, which means the second
S-supersymmetry generated by S2 and S2 is absent and we should set η2 = 0 = η2. The
N = 1 transformation of the gravitino multiplet vanishes under (3.1) and (3.2). We have
not yet discussed the consistency of (3.1) and (3.2) with the N = 2 superconformal action
and their equations of motion. In particular, N = 2 Lagrangian has terms linear in gravitino
multiplet components, which are generally non-vanishing in their equations of motion even
if we impose the truncation conditions (3.1), (3.2). Therefore, additional constraints should
be imposed for consistency with the original N = 2 action. We will discuss such conditions
in Sec. 4.1. In the following, we just assume (3.1) and (3.2).
The set of gauge fields for N = 1 superconformal subgroup transforms consistently with
the standard N = 1 superconformal transformation as discussed in the previous section. Let
us look at the transformation of the N = 1 gauge multiplet (Bµ, χ1, D), which originates
from the N = 2 Weyl multiplet. In order to fix normalization factors, we define
PLχˆ = −3i
4
χ1, (3.3)
and then, we find
δN=1Bµ = −1
2
¯γµχˆ, (3.4)
where χˆ is a Majorana spinor, and we have identified N = 1 supersymmetry transformation
parameter  as PL = 1 (equivalently 1 = PR). Here and hereafter, δN=1 denotes the δˆ-
transformation with the truncation conditions (3.1), (3.2). The combination of the curvature
iRˆab(U1
1) + Rˆab(T ) becomes
iRˆab(U1
1) + Rˆab(T ) = 4∂[µBν] + 2ψ¯[µγν]χˆ ≡ 2Fˆµν(B). (3.5)
The field strength Fˆµν(B) is the covariant field strength of the gauge vector Bµ. Here, we
have defined the N = 1 gravitino ψµ as
PLψµ = ψ
1
µ, (3.6)
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which is consistent with the identification 1 = PL. The transformation laws of χˆ and
Dˆ ≡ −34D are
δN=1χˆ =
i
2
Dˆγ∗+
1
4
γabFˆab(B), (3.7)
δN=1Dˆ =
i
2
¯γ∗γµDµχˆ. (3.8)
The set of the transformation laws of (Bµ, χˆ, Dˆ) correctly realizes that of an N = 1 gauge
multiplet, as we expected (see (B.6), (B.7), (B.8)). This is a nontrivial check for the correct
truncation.
The second nontrivial check is the curvature of the new chiral U(1) gauge field Aˆµ =
1
3(Aµ − 2iVµ11), which is given by
Rˆ(A) ≡ 1
3
(Rˆµν(T )−2iRµν(U11)) = 2∂[µAˆν]−iψ¯1[ν φˆµ]1+iψ¯[ν1φˆ1µ] = 2∂[µAˆν]+iψ¯[µγ∗φν], (3.9)
where we have identified the S-supersymmetry gauge field φµ as PLφµ = φˆ1. This combination
precisely reproduces the curvature of the chiral U(1)A symmetry in the standard N = 1
superconformal group. Note that, φˆ1µ is not the one of original N = 2 S-supersymmetry, φ1µ,
but the shifted one, φˆ1µ = φ1µ− 14γµχ1, and the χ1 dependence in the curvature is completely
absorbed into φµ. One can check that the same replacement φ1µ → φˆ1µ leads to correct
curvatures of other generators. Note also that, special conformal boost gauge field fµa also
needs to be shifted as
faµ → fˆµa = fµa +
1
8
eµ
aD. (3.10)
This modified gauge field correctly follows the standard N = 1 superconformal algebra.1
Thus, our simple truncation gives the standard N = 1 Weyl multiplet and an additional
gauge multiplet (Bµ, χˆ, Dˆ) of an internal U(1)B symmetry.
3.1 N = 1 truncation for matter sector
Here, we discuss the N = 1 reduction of vector and hyper-multiplets. As we show below,
both the vector and the hyper-multiplets are simply decomposed into N = 1 multiplets
without truncating any components.
3.1.1 Vector multiplets
First, we consider a vector multiplet [28] made of (XI ,ΩIi , Y
I
ij , A
I
µ), where I is an index for
vector multiplets I = 1, · · ·nV , and i, j denote SU(2) R-symmetry indices. XI is a complex
scalar, Y Iij is an SU(2) triplet symmetric tensor Y
I
ij = Y
I
ji, Ω
I
i = PLΩ
I
i is a Weyl spinor, and
AIµ is a gauge vector of (non-)Abelian group. The N = 1 part of the supersymmetry and
S-supersymmetry transformation is given by
δN=1X
I =
1
2
¯1ΩI1, (3.11)
1This shift is also important to make the N = 2 curvature constraints that of N = 1. Taking into
account the shifts of φ1µ and fµa in addition to the truncation conditions, we find that the N = 2 curvature
constraints precisely reproduce that of the standard N = 1 conformal supergravity.
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δN=1Ω
I
1 = /DX
I1 + Y
I
11
1 + 2XIη1, (3.12)
δN=1Y
I
11 =
1
2
¯1 /DΩ
I
1 − f IJK ¯1XJΩ2K , (3.13)
δN=1A
I
µ =
1
2
¯1γµΩ
I
2 + h.c., (3.14)
δN=1Ω
I
2 =−
1
4
γabF Iab
1 + Y I12
1 −XJX¯Kf IJK1, (3.15)
δN=1Y
I
12 =
1
4
¯1 /DΩ
I
2 +
1
2
f IJK ¯1X
JΩ1K − h.c., (3.16)
where f IJK is a structure constant of the algebra, which the gauge field obey. It seems that
(XI ,ΩI1, Y
I
11) form an N = 1 chiral multiplet and (AIµ,ΩI2, Y I12) form an N = 1 gauge (vector)
multiplet. To make the N = 1 structure more clear, we need to redefine the auxiliary
component Y I12 as Yˆ I12 = Y I12 − f IJKXJX¯K¯ . Then, the transformation law of ΩI2 and Yˆ12 are
given by
δN=1Ω
I
2 =−
1
4
γabF Iab
1 + Yˆ I12
1 (3.17)
δN=1Yˆ
I
12 =
1
4
¯1 /DΩ
I
2. (3.18)
Also, we need to notice that the scalar XI is gauged under the internal symmetry and
transforms as the adjoint representation δXI = kIJθ
J = XKf IKJθ
J . Then, the transformation
laws of (XI ,ΩI1, Y11) are consistent with that of N = 1 superconformal chiral multiplet.
Let us give the standard normalization to those N = 1 multiplets. The chiral multiplets
consist of (XI , PLχI ≡ 1√2ΩI1,F
I ≡ Y I11), and their transformation laws are given by
δN=1X
I =
1√
2
¯PLχ
I , (3.19)
δN=1PLχ
I =
1√
2
PL( /DX
I + FI), (3.20)
δN=1F
I =
1√
2
¯ /DPLχ
I + f IJK ¯X
JPRλ
K , (3.21)
which are the standard N = 1 transformations of a chiral multiplet (see (B.9), (B.10), (B.11)).
Here we have defined the gaugino λI ≡ −Ω2I − ΩI2. In N = 1 conformal supergravity, there
are two important quantum numbers characterizing multiplets, the Weyl and the chiral
weight (w, n). Also, in our case, there is an additional U(1)B gauge symmetry originating
from N = 2 superconformal symmetry. In the following, we use nB as the U(1) charge.
From the normalization of vectors (Aˆµ, Bµ), we find the charges of the chiral multiplet XI
to be (w, n, nB) = (1, 1, 4/3).
The N = 1 vector multiplet consists of (AIµ, λI = −ΩI2 − Ω2I ,DI ≡ 2iYˆ I12), and their
Q-transformations are
δN=1A
I
µ =−
1
2
¯γµλ
I , (3.22)
δN=1λ
I =
1
4
γabFˆ Iab +
i
2
γ∗DI, (3.23)
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δN=1D
I =
i
2
¯γ∗ /DλI . (3.24)
All of them are S-inert as the standard N = 1 gauge multiplet (see (B.6), (B.7), (B.8)).
This gauge multiplet has weights (w, n, nB) = (0, 0, 0). As we have shown, the N = 2
vector multiplet can be decomposed into N = 1 chiral and gauge multiplets under the
conditions (3.1) and (3.2).
3.1.2 Hypermultiplets
Next, let us consider the hypermultiplet sector [28, 33] which consists of (qX , ζA (ζA)),
where X is the target space index and runs over X = 1, · · · , 4nH , A is the tangent space
one, A = 1, · · · , 2nH , and nH is the number of hypermultiplets. The real scalars qX are the
coordinate of hyper-Kähler manifold, and ζA (ζA) are left (right)-handed Weyl spinors. The
δˆ-transformations are given as follows:
δN=1q
X =− i¯1ζAfX1A + iρA¯B ¯1ζA¯fX2B, (3.25)
δN=1ζ
A =
i
2
f1AX /DqX1 − ζBωXBAδN=1qX − iX¯IkXI f2AX1 + if1AXkXDη1, (3.26)
δN=1ζA¯ =
i
2
f2BXρBA¯ /Dq
X1 − ζB¯ω¯X B¯A¯δN=1qX + iXIkXI f1BXρBA¯1 + if2BXρBA¯kXDη1,
(3.27)
where ρAB¯ is a covariantly constant tensor satisfying ρAB¯ρB¯C = −δCA and ρA¯B = (ρAB¯)∗ and
ωXAB(q) is the connection for the tangent space reparametrization. fXiA(q) and its inverse
f iAX(q) are frame fields connecting A and X indices, which satisfy the following relations
f iAY fXiA = δXY , f
iA
Xf
X
jB = δijδ
A
B . (3.28)
There is also a reality condition (
f iAX
)∗
= f jBXεjiρBA¯, (3.29)
where εij is an anti-symmetric tensor and we take ε12 = 1. Using these relations, one finds
f1AXδN=1qX = −i¯1ζA, f2BXδN=1qX = iρAB ¯1ζA. (3.30)
The vectors kXD , k
X
I are defined by the D, Ui
j and the internal gauge transformations of the
hyperscalar qX ,
δqX = λDk
X
D + λi
jf iAY fXjAkYD + θ
IkXI , (3.31)
where λD, λij and θI are the transformation parameters of D, Uij and internal gauge
symmetry TI , respectively. See [33] for more details of the superconformal hypermultiplet.
The transformation law of ζA is not covariant under the reparametrization ζA →
ζBUBA(q). The second term in (3.26) originates from such non-covariance. Therefore, we
define the covariant supersymmetry transformation
δcovN=1ζ
A = δN=1ζA + ζBωXBAδN=1qX . (3.32)
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For more details of the covariant formulation, see [34, 35]. The covariant version of the
transformation is given by
δcovN=1ζ
A =
i
2
f1AX /DqX1 − iX¯IkXI f2AX1 + if1AXkXDη1. (3.33)
Let us introduce the following sections
AiA ≡ f iAXkXD . (3.34)
The covariant supersymmetry transformation δˆcovAiA = δˆAiA +AiBωXBAδˆqX is given by
δcovN=1A
1A = −i¯1ζA, δcovN=1A2B = iρA¯B ¯1ζA¯, (3.35)
where we have used the property of the closed homothetic Killing vector ∇Y kXD = δXY and
∇X is the target space covariant derivative. These transformations correspond to that of
N = 1 chiral and anti-chiral superfields, respectively. In the following, we call AiA as
ΦA = A1A, Φ¯A¯ = −ρBA¯A2B. (3.36)
We note that
(
ΦA
)∗
= Φ¯A¯, which follows from the reality condition (3.29). We rewrite the
N = 1 transformations laws (3.36) as
δcovN=1Φ
A =
1√
2
¯PLζˆ
A, δcovN=1Φ¯A¯ =
1√
2
¯PRζˆA¯, (3.37)
where ζˆA = −√2iζA and ζˆA¯ =
√
2iζA¯. The covariant transformation of ζˆA and ζˆA¯ are
δcovN=1ζˆ
A =
1√
2
PL /∇ΦA−
√
2X¯I t¯I
B¯C¯Φ¯B¯(d
−1)A¯C PL+
√
2ΦAPLη, (3.38)
δcovN=1ζˆA¯ =
1√
2
PR /∇Φ¯A¯−
√
2XItIBCΦB(d−1)C¯APR+
√
2Φ¯A¯PRη, (3.39)
where we have defined the covariant derivative of ∇µΦA as
∇µΦA ≡ DµqX∇XΦA = DµqXf1AX . (3.40)
Here we have used the following facts in deriving the expression (3.38): The frame fields
are covariantly flat, ∇Y f iAX = 0. ∇Y kXD = δXY and f1AX = ∇X(kYDf1AY ) = ∇XΦA. From
the definition of ΦA, we find kXD = f
X
1AΦA. Also, the commutativity of the internal
symmetry and the dilatation leads to kXI = k
Y
D∇Y kXI , and we find kXI = ΦCfY 1C∇Y kXI and
∇Y∇XkZD = 0. Using these facts, one finds
− iXIkXI f1BXρBA¯ = −iXItICBΦB(d−1)C¯A, (3.41)
where t˜IAB ≡ CACfY 1B∇Y kXI f1CX is a covariantly constant symmetric tensor t˜IAB = t˜IBA,
t¯A¯B¯I = (tIAB)
∗ and (d−1)A¯B is the inverse of d
B¯
A.
Since the hypermultiplets are on-shell multiplets, the corresponding N = 1 superfields
are also on-shell multiplets and do not have auxiliary fields. This is why there is no F -term,
– 10 –
which appears in the standard N = 1 off-shell chiral multiplets’ transformation. We can
read off the on-shell value of F-term of ΦA from the transformation of ζˆA. Note that the
transformation of Weyl spinor has the term 1√
2
FPL for an off-shell chiral multiplet. Thus,
the transformation law of ζˆA reads the on-shell F-term of ΦA,
FA = −2X¯I t¯I B¯C¯Φ¯B¯(d−1)A¯C . (3.42)
We will show that this value is consistent with the action of hypermultiplets. One may
wonder why there is no fermionic term in the on-shell F-term, which usually exists (see [32],
for example). In [34, 35] it is shown that the covariant F-term on shell is given by a purely
bosonic term. Therefore our covariant chiral multiplet ΦA is consistent with the results
of [34, 35].
It is also worth noting that, to realize N = 1 superconformal symmetry, there is no need
to reduce the degrees of freedom of hypermultiplets. The transformation laws of the chiral
multiplet (ΦA, ζˆA) and the anti-chiral one (Φ¯A¯, ζˆA¯) are precisely that of the (covariantly
modified) standard ones.
Finally, let us discuss the charges (w, n, nB) of the chiral multiplets. The dilatation and
SU(2) transformation of AiA following from (3.31) is
δD,SU(2)A
iA = λDAiA + λj iAjA. (3.43)
From this expression, one can read off the weights of ΦA to be (w, n, nB) = (1, 1,−23) (and
of Φ¯A¯ to be (1,−1, 23)).2
4 Reduction of superconformal action from N = 2 to N = 1
In this section, we discuss whether the N = 2 superconformal action is consistently reduced
to that of the standard N = 1 conformal supergravity. The standard N = 1 superconformal
action of chiral and gauge multiplets is
SN=1 = [N (ΦI , Φ¯J¯)]D + [W (ΦI)]F + [fAB(ΦI)λ¯APLλB]F , (4.1)
where N is a real function of chiral multiplets ΦI and its conjugate, W and fAB are
holomorphic function of chiral multiplets, and λA is a gaugino. [· · · ]D,F denotes the
superconformal D- and F -term density formulae, respectively [31]. The bosonic part of the
action is given by
SN=1|B =
ˆ
d4xe
[
−N
6
R− iNIkIADA −NIJ¯(DµXIDµX¯ J¯ − F I F¯ J¯) + (WIF I + h.c.)
− 1
4
(RefAB)F
A
µνF
Bµν +
i
4
(ImfAB)F
A
µνF˜
Bµν +
1
2
(RefAB)D
ADB
]
, (4.2)
2One of the ways to confirm the charge assignments is to check how the gauge fields are coupled in the
covariant derivative.
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where e = det(eaµ), R is the Ricci scalar, NI = ∂IN , NIJ¯ = ∂I∂J¯N , kIA is the gauge
transformation of ΦI , δΦI = θAkIA and θ
A is the gauge transformation parameter. The
complex and real scalar F I and DA are F- and D-term of chiral and gauge multiplets,
respectively.
Let us first discuss the N = 2 vector multiplet action under the condition (3.2), which
has the following bosonic part,
Svec|B =
ˆ
d4xe
[
− 1
6
NR−ND −NIJDµXIDµX¯J + 1
2
NIJY
IijY Jij
+NIJf
I
KLX¯
KXLf
J
MNX¯
MXN +
(
− i
4
F¯IJF
+I
µν F
+µνJ + h.c.
)]
, (4.3)
where FIJ(X) = ∂I∂JF (X) and F (X) is the prepotential with w = 2, NIJ = −iFIJ +iF¯IJ =
2ImFIJ , and N = NIJXIX¯J . We rewrite the action in terms of the N = 1 chiral and gauge
multiplet components, (XI , PLχI ,FI), (AIµ, λI ,DI) and (Bµ, χˆ, Dˆ):
Svec|B =
ˆ
d4xe
[
− 1
6
NR+
4
3
NDˆ −NIJDµXIDµX¯J +NIJ F¯IFJ + 1
2
(ImFIJ)D
IDJ
− i(NILX¯L)(XKf IKJ)DJ −
1
4
(ImFIJ)F
I
µνF
µνJ − i
4
(ReFIJ)F
I
µνF˜
Jµν
]
,
(4.4)
where we have used the property fLK(INJ)L = 0. We find that the N = 2 vector multiplet
action is written as that of N = 1 conformal supergravity with
N = N(X, X¯), W = 0, fAB = −iFIJ . (4.5)
We note that the second term on the first line of (4.4) originates from the U(1)B charge of
XI , nB = 43 , or correspondingly the Killing vector, k
I
B =
4i
3 X
I . As we will see, the gauge
multiplet of Bµ does not have kinetic terms either in the vector or the hypermultiplet action.
Therefore, it behaves as an auxiliary superfield, which can be integrated out in obtaining
physical action.
Next, let us discuss the hypermultiplet action, particularly its bosonic part given by
Shyper|B =
ˆ
d4xe
[
− 1
12
k2DR+
1
4
k2DD −
1
2
gXYDµq
XDµqY − 2X¯IXJkXI kJX + PIijY Iij
]
,
(4.6)
where k2D = k
X
DgXY k
Y
D,
gXY = (f
iA¯
X)
∗dA¯B f
iB
Y = f
iA
XεijCABf jBY , (4.7)
and
PIij = εk(iA
kAfY j)AkXI gXY = εk(iεj)lA
kACABkXI ∇XAlB. (4.8)
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CAB is a covariantly constant anti-symmetric tensor, which is defined by CAB = ρAC¯dC¯B.
The square of Killing vector k2D can be rewritten as
k2D = −2kXDf1AXCBAf2BY kYD = 2ΦAdB¯AΦ¯B¯. (4.9)
We show the components of PIij explicitly,
PI11 =−A2ACABkXI ∇XA2B = −t¯I A¯B¯Φ¯A¯Φ¯B¯,
PI22 =−A1ACABkXI ∇XA1B = −tIABΦAΦB,
PI12 =(A
1ACABkIX∇XA2B +A2ACABkXI ∇A1B) = 2Φ¯B¯dB¯AΦCtICDCAD, (4.10)
where we have assumed the gauge invariance of k2D. Using (4.9) and (4.10), we rewrite the
action (4.6) as
Shyper|B =
ˆ
d4xe
[
−1
6
ΦAdB¯AΦ¯B¯R−
2
3
ΦAdB¯AΦ¯B¯Dˆ −∇µΦAdB¯A∇µΦ¯B¯ − 4X¯I t¯B¯C¯I Φ¯B¯(d−1)A¯C XJ tJADΦD
+
(−ΦAtIABΦBFI + h.c.)− iΦ¯B¯dB¯AΦCtICADI + 2Φ¯B¯dB¯AΦCtICAf IJKXJX¯K¯
]
,
(4.11)
Except the last term, this action corresponds to the standard N = 1 action with
N = ΦAdB¯AΦ¯B¯, W = tIABΦAΦBXI . (4.12)
We note that the second term in (4.11) is consistent because kAB = −2i3 ΦA. Also, our
consideration about the on-shell F-term of ΦA discussed around (3.42) is consistent with the
superpotential (4.12) and the Kähler potential N . The forth term in (4.11) can be regarded
as the on-shell F -term scalar potential, −FAdB¯AF¯B¯.
The last term on the second line of (4.11), however, cannot be a part of the N = 1
superconformal action.3 Indeed, one can confirm that the extra term is necessary to
reproduce the on-shell N = 2 action after integrating out the auxiliary fields D and FI .
The non-standard term cancels one term in the N = 1 D-term potential, which is absent
in N = 2 supergravity potential. We require the last term to vanish for consistency with
N = 1 superconformal symmetry,
PI12f
I
JKX
JX¯K¯ = 0. (4.13)
We will find that this condition is realized as the consistency with the parent N = 2 theory,
as we will discuss in Sec. 4.1.
3One may think the shift of Y I12, which gives the extra term in (4.11), might be wrong. However, if
this was the case, the vector action could not be consistent with the N = 1 superconformal action formula.
Therefore, either hyper- or vector multiplet action becomes inconsistent with N = 1 superconformal formula.
(Also, the transformation of vector multiplets could be inconsistent if we did not shift the definition of Y I12.)
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In summary, we find that, under the truncation conditions (3.1),(3.2) (and (4.13)), the
N = 2 superconformal action of the vector-hypermultiplet system can be reduced to the
N = 1 conformal supergravity with
N = N(X, X¯) + ΦAdB¯AΦ¯B¯, W = tIABΦAΦBXI , fAB = −iFIJ(X). (4.14)
We also note that the chiral multiplet of XI and ΦA have U(1)B charges nB = 4/3 and
nB = −2/3, respectively. The U(1)B gauge multiplet does not have kinetic terms, that is, it
is an auxiliary superfield. Integrating out the gauge multiplet (Bµ, χˆ, Dˆ) gives constraints
on other superfields as in the standard N = 2 conformal supergravity.
Our reduced N = 1 action is not yet consistent with the “parent N = 2” system as the
conditions (3.1) and (3.2) can generally be inconsistent with their equations of motion. In
order for the action to be fully consistent with the original N = 2 supergravity, we have to
check the equations of motion of the gravitino multiplet, particularly, the terms independent
of the gravitino multiplet components. We will discuss such conditions in the next section.
4.1 Consistency from the on-shell auxiliary fields
We have shown that under the conditions (3.1), (3.2) and (4.13), the N = 2 superconformal
action of vector and hyper-multiplets is described in terms of the standard N = 1 conformal
supergravity. So far, we have just imposed the truncation conditions (3.1) and (3.2), and
have not yet discussed whether such conditions are consistent with their equations of motions.
In particular, the terms linear in gravitino multiplet components (ψ2µ, Vµ12, T
−
ab, χ
2) appear
in the N = 2 Lagrangian, which give the terms generally non-vanishing in their equations of
motion. In order for such terms to vanish, more constraints on physical multiplets need to
be imposed as we will discuss below.
Let us look at the constraints from the auxiliary fields Vµ12 and T+ab. Under the
truncation conditions (3.1) and (3.2), following is required from their equations of motion,
0 =
1
4
NIJX
I Fˆ+Jab +
1
6
NIJX
IΩ¯2Jγaψ
1
b −
i
16
F¯IJKΩ¯
1IγabΩ
2JXK
− i
12
dA¯BA
2Bζ¯A¯γaψ
1
b , (4.15)
0 =2A2ACABf2BY D˜µq
Y − iζ¯A¯γaγbA2BdA¯Bψa1 −
1
2
NIJ Ω¯
2IγµΩ
J
1
− i
3
dA¯BA
2Bζ¯A¯γµνψ
ν
1 −
1
2
ψ¯1aγ
ab
µψb1A
2ACABA2B, (4.16)
where D˜µqX = DµqX |Vµ12=Vµ21 = 0. The constraint from the equation of motion of the
Lagrange multiplier χ2 under (3.1) is
NIJX
IΩ2J − 2idA¯BA2BζA¯ = 0. (4.17)
For instance,
Φ¯A¯C
A¯B¯Φ¯B¯ = 0, NIJX
IλJ = 0, (4.18)
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are required for consistency. We note that the matrix CA¯B¯ can be taken as
CA¯B¯ =
(
0 ηnH
−ηnH 0
)
, (4.19)
where ηnH is nH × nH matrix given by
ηnH =
(
1p 0
0 −1q
)
(4.20)
and p+ q = nH . This is realized by taking ρAB¯ and dB¯A as
ρAB¯ =
(
0 1nH
−1nH 0
)
, (4.21)
dB¯A =
(
ηnH 0
0 ηnH
)
. (4.22)
We separate the flat index into two parts, A = (a, a˙) where a, a˙ = 1, · · · , nH . Then, the
condition Φ¯A¯CA¯B¯Φ¯B¯ = 0 becomes
Φ¯a¯η
a¯¯˙aΦ¯¯˙a = 0. (4.23)
We find that
Φ¯¯˙a = 0 (4.24)
is a nontrivial solution for the condition (4.23), which implies the supersymmetric condition
Φa˙(x, θ) = 0. This condition removes the half of the chiral multiplets and solves all
constraints for hypermultiplets implied by (4.15), (4.16), (4.17).
Next we consider the conditions on the N = 2 vector multiplets. We impose
AIµ = λ
I = DI = 0, (4.25)
for I = a = 1, · · · , nc, and
XI = PLχ
I = FI = 0 (4.26)
for I = α = nc+1, · · · , nV , where nc and nV denote the number of the N = 1 chiral multiplet
and the total number of the N = 2 vector multiplet. Note that the gauge transformation of
Xα = 0 reads δXα = θKfαbK = 0, namely, f
α
bc = f
α
bβ = 0 where θ
K is gauge transformation
parameters. Similarly, from λa = 0, faαβ = f
a
αb = 0.
The condition NIJXIλJ = 0 implies NaαXaλα = 0 and also the third term on the
right-hand-side of (4.15) vanishes if F¯abαXb = 0. Therefore, we require
∂
∂Xa
∂
∂Xα
N =
∂
∂Xa
∂
∂X¯α
N = 0, (4.27)
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or equivalently,
Naα = F¯abαX
b = 0. (4.28)
One can show that T+ab = Vµ1
2 = 0 as well as the constraint from the equation of motion of
χ2 (4.17) can be solved by the conditions
Φ¯¯˙a = 0(= Φ
a˙), Naα = F¯abαX
b = 0. (4.29)
Finally, we discuss the condition that the terms linear in ψ2µ vanish. Under the
condition (4.29), we find the following terms linear in ψ2µ and ψµ2,
Lψ2 =
(
i
2
F¯aαΩ¯
1aγµψ
2
ν
˜ˆ
Fµνα − i
2
F¯aαX¯
aψ1µψ
2
νFˆ
µνα +
1
2
NabΩ¯
a
1f
b
cdγ
µψµ2X
cX¯d + 2iX¯aζ¯a¯γ
µψ2µd
a¯
btac
bΦc
+
1
2
ψ¯µ2γ
µΩa1P
12
a +
1
2
ψ¯µ2γ
µΩα2Pα22 +
1
2
X¯aψ¯1µγ
µνψ2νPa12 + h.c.
)
. (4.30)
The first two terms imply the condition stronger than (4.29), F¯aα = 0. The third term
vanishes if fabc = 0. The second term in the second line of (4.30) vanishes if Pα22 = 0, which
implies tαab = 0. Pa12 = 0 is realized by the condition taab = 0 that also removes the fourth
term in the first line of (4.30). Thus, we find a set of the consistency conditions,
Φa˙ = 0, F¯aα = 0, f
a
bc = 0, tαab = 0 = taa
b. (4.31)
Note that taab = 0 implies taab˙ = 0 since we use CAB for lowering of the index (see the
parametrization (4.19)). Also, only the nonzero structure constant should be f IJK = f
α
βγ .
The set of consistency conditions lead to (4.13), and therefore we need no more requirements.
In summary, we find that the consistent N = 1 truncation of N = 2 conformal
supergravity is described by
S = [N(Xa, X¯a) + Φadb¯aΦ¯b¯]D + [t˜aabΦ
aΦbXa]F + [−iFαβ(Xa)λ¯αPLλβ]F , (4.32)
where N = XaX¯b(−iFab + iF¯ab). The truncation conditions are (3.1) and (3.2), and their
consistency conditions with the N = 2 action are (4.31). We note that similar consistency
conditions are found in [24, 25]
4.2 Comments on superconformal gauge fixing
We give some comments about the N = 1 superconformal gauge fixing conditions. It has
been known that the N = 2 conformal supergravity with vector and hypermultiplets requires
one vector and one hyper compensator multiplet. Correspondingly, in our reduced N = 1
system, we need two chiral compensators, one from Xa and another from Φa, whose kinetic
term has negative sign.4 The reason is the following: The equation of motion of the auxiliary
field Dˆ reads
4
3
N − 2
3
Φadb¯aΦ¯b¯ = 0, (4.33)
4The constraints (4.29) are also important for reducing the number of negative norm multiplets. For
example, if we did not truncate half of the chiral multiplets ΦA, we would have two chiral compensators
with negative kinetic terms, and one of them would be left as a physical ghost.
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and the dilatation gauge fixing condition which makes graviton canonical is
N + Φadb¯aΦ¯b¯ = −3, (4.34)
in the Planck unit, Mpl = 1. These conditions lead to
N = XaNabX¯
b = −1, Φadb¯aΦ¯b¯ = −2. (4.35)
Therefore, for each set of chiral multiplets Xa and Φa, there should be a multiplet with a
negative definite metric to solve these conditions. The U(1)B charge difference between Xa
and Φa is crucial for the gauge fixing procedure, and this is why we need both hyper- and
gauge multiplet compensator in N = 2 conformal supergravity.
In our N = 1 language, the elimination of two chiral compensators are understood as
follows: One of them is removed by the standard superconformal gauge fixing. The other one
is eaten by the auxiliary gauge multiplet of Bµ, and the massive auxiliary gauge multiplet
is integrated out after all. Thus we find only the physical multiplets with positive kinetic
terms.
Once we derive the standard N = 1 conformal supergravity system, the superconformal
gauge fixing procedure is the same as the standard one (see e.g. [32]). We do not repeat
it here. Note that, one may integrate out the U(1)B gauge multiplet after superconformal
gauge fixing since they are commutative.
5 Summary
We have discussed the consistent reduction of off-shell N = 2 → N = 1 conformal su-
pergravity. As we have shown, the full N = 2 theory has N = 1 subgroup, under which
the N = 2 Weyl multiplet is represented by the N = 1 Weyl, the gravitino, and U(1)
gauge multiplet. Truncating the gravitino multiplet (3.1), (3.2) consistently realizes the
standard rules of N = 1 conformal supergravity. As we have shown explicitly, N = 2 vector
and hyper-multiplets simply become N = 1 vector and chiral pairs and two chiral pairs,
respectively. Keeping off-shell structure is useful to see the agreement with the standard
N = 1 transformation laws. We have found that the N = 2 superconformal action under
truncation condition can be described by the standard N = 1 rules, except one term (4.11).
We also discussed the consistency of the truncation condition, and it turned out that the
consistency with the original N = 2 theory requires to truncate half of the N = 1 multiplets.
We have derived relatively simple truncation conditions (4.31), and the resultant N = 1
conformal action is given by the standard formulae with (4.32).
We comment on possible extensions of this work. In this work, we did not study the
truncation of the other multiplets such as a tensor multiplet, and similar analysis would be
possible for such multiplets as in Poincaré supergravity analysis [26]. Also, the reduction
of N = 4 conformal supergravity would also be possible in a similar way. A possible
application of our off-shell formalism would be to describe the reduction of N = 2 models
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with higher-derivative terms, where the consistent reduction would be more difficult for
on-shell Lagrangian. Constructing phenomenological and cosmological model building would
also be an interesting direction. We will study these possibilities for future work.
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A N = 2 superconformal algebra and transformation laws of multiplets
N = 2 superconformal group consists of the set of generators (Pa, Qiα, Siα,Mab, D, Uij , T,Ka),
where Pa is translation, Qi supersymmetry, Si S-supersymmetry, Mab Lorentz rotation, D
dilatation, Uij SU(2) R-symmetry, T chiral U(1), and Ka special conformal boost. The
index a is for a local Lorentz index, i for SU(2), and α for spinor index. We have a set
of gauge fields (eaµ, ψiµ, φiµ, ωabµ , bµ, Vijµ, Aµ, faµ) for each generator. We use the notation
that Qi and Si are left handed, and accordingly, ψiµ and φiµ are left handed, ψiµ = PLψiµ.
Complex conjugation raises or lowers SU(2) indices. The nontrivial commutators of N = 2
superconformal algebra are as follows.
{Qiα, Qβj } = −
1
2
δij(γ
a)βαPa, {Siα, Sβj } = −
1
2
δij(γ
a)βαKa,
{Qiα, Sjβ} = −1
2
δji δ
β
αD −
1
4
δji (γ
ab)βαMab +
i
2
δji δ
β
αT − δβαUij ,
{Qiα, Sβj } = −
1
2
δijδ
β
αD −
1
4
δij(γ
ab)βαMab −
i
2
δijδ
β
αT − δβαUj i,
[D,Pa] = Pa, [D,Ka] = −Ka, [D,Qiα] =
1
2
Qiα, [D,S
i
α] = −
1
2
Siα,
[Mab,Mcd] = −2ηc[aMb]d + 2ηd[aMb]c,
[Mab, Pc] = Paηbc − Pbηac, [Mab, Qiα] = −
1
2
(γabQ
i)α,
[Mab,Kc] = Kaηbc −Kbηac, [Mab, Siα] = −
1
2
(γabS
i)α,
[T,Qiα] =
i
2
Qiα, [T, S
i
α] =
i
2
Siα, [Ui
j , Qkα] = δ
k
i Q
j
α −
1
2
δjiQ
k
α,
[Ui
j , Skα] = δ
k
i S
j
α −
1
2
δjiS
k
α, [Ui
j , Qαk] = −δjkQαi +
1
2
δjiQαk,
[Ui
j , Sαk] = −δjkSαi +
1
2
δjiSαk, [Ui
j , Uk
l] = δliUk
j − δjkUil,
[Ka, Q
i
α](γaS
i)α, [Pa, S
i
α] = (γaQ
i)α. (A.1)
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We also show the Q- and S-transformations of the independent gauge fields and auxiliary
fields:
δeaµ =
1
2
¯iγaψµ + h.c., (A.2)
δψiµ =
(
∂µ +
1
2
bµ +
1
4
γabωµab − i
2
Aµ
)
i + Vµ
i
jj − 1
16
γabT−abε
ijγµj − γµηi, (A.3)
δbµ =
1
2
¯iφµi − 1
2
η¯iψµi − 3
8
¯iγµχi + h.c., (A.4)
δAµ =− i
2
¯iφµi − i
2
η¯iψµi − 3i
8
¯iγµχi + h.c., (A.5)
δVµi
j =− ¯iφjµ − η¯iψjµ +
3
4
¯iγµχ
j + ¯jφµi + η¯
jψµi − 3
4
¯jγµχi
− 1
2
δji (−¯kφkµ − η¯kψkµ +
3
4
¯kγµχ
k + ¯kφµk − 3
4
¯kγµχk), (A.6)
δT−ab =2¯
iRˆab(Q
i)εij , (A.7)
δχi =
1
2
Di +
1
6
γab
[
−1
4
/DT−abε
ijj − Rˆab(Uj i)j + iRˆab(T )i + 1
2
T−abε
ijηj
]
, (A.8)
δD =
1
2
¯i /Dχi + h.c., (A.9)
where T−ab is an anti-self dual tensor, χ
i is left-handed spinor, and D is a real scalar. We use
Dµ, through out this paper, as the covariant derivative under superconformal and internal
gauge symmetries. We also show the curvatures which appear in the transformations,
Rˆµν(Q
i) =2
(
∂[µ +
1
2
b[µ +
1
4
γabω
ab
[µ −
i
2
A[µ
)
ψiν] + 2V[µ
i
jψ
j
ν] −
1
8
γabT−abε
ijγ[µψν]j − 2γ[µφiν],
(A.10)
Rˆµν(Ui
j) =2∂ˆ[µVν]i
j +
(
−4ψ¯[νiφjµ] − 4φ¯[νiψjµ] +
3
2
ψ¯[νiγµ]χ
j − 3
2
ψ¯j[νγµ]χi
) ∣∣∣∣∣
traceless
, (A.11)
Rˆµν(T ) =2∂[µAν] +
(
−iψ¯i[νφµ]i − iφ¯i[νψµ]i −
3i
4
ψ¯i[νγµ]χi + h.c.
)
, (A.12)
where A[µBν] = 12(AµBν −AνBµ), ∂ˆµVνij denotes the covariant derivative with respect to
SU(2), and Aji |traceless is the projection to make Aij traceless.
The matter representations, vector and hypermultiplets consist of (XI ,ΩIi , A
I
µ, Yij) and
(qX , ζA), respectively. Their Q- and S-transformation laws are as follows: For a gauge
multiplet,
δXI =
1
2
¯iΩIi , (A.13)
δΩIi = /DX
Ii +
1
4
γabFIabεijj + Y Iijj +XIX¯Kf IJKεijj + 2XIηi, (A.14)
δAIµ =
1
2
εij ¯iγµΩ
I
j + ε
ij ¯iψµjX
I + h.c., (A.15)
δYij =
1
2
¯(i /DΩ
I
j) − f IJK ¯(iεj)kΩkKXJ −
1
2
εk(iεj)l¯
k /DΩIl − f IJK ¯kεk(iΩKj)X¯J , (A.16)
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where
FIµν ≡ F Iµν −
(
εijψ¯
i
[µγν]Ω
Ij + εijψ¯
i
µψ
j
νX¯
I +
1
2
X¯IT−ab + h.c.
)
, (A.17)
and F Iµν = 2∂[µAIν] +A
J
µA
K
ν f
I
JK .
For a hypermultiplet,
δqX =− i¯iζAfXiA + iεijρA¯B ¯iζA¯fXjB, (A.18)
δζA =
i
2
f iAX /DqXi − ζBωXBAδqX + iX¯IkXI f iAXεijj . (A.19)
More details are shown in Sec. 3.1.2.
B N = 1 superconformal symmetry and multiplets
We show the N = 1 superconformal algebra and Q- and S-transformation laws of the Weyl,
a gauge and a chiral multiplet. The algebra consists of (Pa, Qα,Mab, D,A, Sα,Ka). The
commutation relations are
{Qα, Qβ} = −1
2
(γa)βαPa, {Sα, Sβ} = −
1
2
(γa)βαKa,
{Qα, Sβ} = −1
2
δβαD −
1
4
(γab)βαMab +
i
2
(γ∗)βαA,
[D,Pa] = Pa, [D,Ka] = −Ka, [D,Qα] = 1
2
Qα, [D,Sα] = −1
2
Sα,
[Mab,Mcd] = −2ηc[aMb]d + 2ηd[aMb]c, [Mab, Pc] = Paηbc − Pbηac, [Mab, Qα] = −
1
2
(γabQ)α,
[Mab,Kc] = Kaηbc −Kbηac, [Mab, Sα] = −1
2
(γabS)α, [A,Qα] = −3i
2
(γ∗Q)α,
[T, Sα] =
3i
2
(γ∗S)α, [Ka, Qiα](γaS
i)α, [Pa, S
i
α] = (γaQ
i)α. (B.1)
The Weyl multiplet has four independent fields (eaµ, ψµ, bµ, Aˆµ) and others are dependent.
The Q- and S-transformation laws of independent fields are as follows:
δeaµ =
1
2
¯γaψµ, (B.2)
δψµ =
(
∂µ +
1
2
bµ +
1
4
ωabµ γab −
3i
2
Aµγ∗
)
− γµη, (B.3)
δbµ =
1
2
¯φµ − 1
2
η¯ψµ, (B.4)
δAˆµ =− i
2
¯γ∗φµ +
i
2
η¯γ∗ψµ. (B.5)
A vector multiplet (AAµ , λA, DA) has a vector AAµ , Majorana spinor λA and a real scalar
DA, whose transformation laws are
δAAµ =−
1
2
¯γµλ
A, (B.6)
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δλA =
(
1
4
γabFˆAab +
i
2
γ∗DA
)
, (B.7)
δDA =
i
2
¯γ∗ /DλA, (B.8)
where FˆAµν = 2∂[µAAν]+f
A
BCA
B
µA
C
ν +ψ¯[µγν]λ
A and fABC is a structure constant. All components
are S-inert.
A chiral supermultiplet (ΦI , PLχI , F I) made of a complex scalar ΦI , a left-handed Weyl
spinor PLχI and a complex auxiliary field F I has the following transformation laws:
δΦI =
1√
2
¯PLχ
I , (B.9)
δPLχ =
1√
2
PL( /DΦ
I + F I)+
√
2wΦIPLη, (B.10)
δF I =
1√
2
¯ /DPLχ+
√
2(1− w)η¯PLχ+ ¯kIAPRλA, (B.11)
where w is the Weyl weight corresponding to the charge under dilatation D. We have
assumed that the multiplet is gauged and kIA is the Killing vector δX
I = θAkIA and λ
A
denotes a gaugino. Note that a chiral multiplet satisfies w = n where n is the charge under
A,called the chiral weight. The above expression is not covariant under the coordinate
transformation of the scalar manifold spanned by XI . The covariant formulation of chiral
multiplets can be found in [34, 35].
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